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We study surface waves localized near a surface of a
semi-infinite dielectric medium covered by a layer of
graphene in the presence of a strong external magnetic
field. We demonstrate that both TE-TM hybrid surface
plasmons can propagate along the graphene surface. We
analyze the effect of the Hall conductivity on the disper-
sion of hybrid surface waves and suggest a possibility to
tune the plasmon dispersion by the magnetic field.
Copyright line will be provided by the publisher
Graphene, two-dimensional lattice of carbon atoms,
exhibits a wide range of unique electronic and optical prop-
erties [1,2,3]. It was theoretically [4,5,6,7,8] and experi-
mentally [9,10] demonstrated that specific type of local-
ized waves, surface plasmon polaritons can propagate along
a single layer of graphene or its bilayer. It was shown
that both TM and TE polarized plasmons can exist in
graphene [11], and their dispersion properties can be changed
by applying an external gate voltage to the graphene sheet
which allows to construct effective two-dimensional meta-
material structures based on graphene [12].
One of the key features of graphene is the linear disper-
sion of the electrons close to the band-edges which is sim-
ilar to the dispersion of ultra-relativistic Dirac fermions [1,
2,3]. In particular, this leads to the square-root depen-
dence of the electron cyclotron frequency on the magnetic
field, and much larger separation of the Landau levels in
graphene, and consequently to the possibility to observe
quantum Hall effect at room temperatures [13].
In this Letter, we study the properties of electromag-
netic waves localized near a surface of a semi-infinite di-
electric medium covered by a layer of graphene in the pres-
ence of a strong external magnetic field. We predict that the
dispersion of the surface waves supported by a graphene
layer can be tailored through the variation of the magnetic
field.
We consider a simple geometry depicted schematically
in Fig. 1. A sheet of graphene is placed at an interface sep-
arating two dielectric media. The graphene layer is treated
as a conductive surface [11] defined by frequency-dependent
Figure 1 Geometry of the structure under consideration. A
layer of graphene is placed at the interface of two dielec-
tric media (in our case, the upper medium is air). External
magnetic field is applied along the z axis.
conductivity σ0(ω). When we apply a constant magnetic
field perpendicular to the graphene sheet the conductivity
becomes a tensor with components written as:
σˆ =
(
σ0 σH
−σH σ0
)
, (1)
where σ0 and σH are the longitudinal and Hall components
of conductivity respectively. Boundary conditions for the
tangential components of the electric and magnetic fields
can be written in the form
(E2 −E1)× zˆ = 0, (H2 −H1)× zˆ =
4pi
c
σˆE‖. (2)
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For both media we are looking for the surface waves with
harmonic temporal dependence exp(−iωt) and with spa-
tial variation of the form: E1,2,H1,2 ∼ exp(iβx± κ1,2z),
where κ1,2 = (β2 − ε1,2k20)1/2.
The waves in both the media can be presented as a lin-
ear combination of the TE and TM polarized waves, so that
for the TM polarized waves we have:
E1,2
TM =
(
∓
iκ1,2
k0ε1,2
, 0,−
β
k0ε1,2
)
;H1,2
TM = (0, 1, 0) ,
(3)
whereas for the TE polarized waves, we have
H1,2
TE =
(
±
iκ1,2
k0
, 0,
β
k0
)
;E1,2
TE = (0, 1, 0) . (4)
Next, we consider linear combinations of TE and TM po-
larized waves in both the media, and write the electric
fields in the form: E1,2 = AE1,2TM + BE1,2TE . To
match the waves at two different semi-finite spaces, we ap-
ply the continuity boundary conditions and derive the re-
sulting equations for the amplitudesA and B,
−
4piσHκ1
ck0ε1
A+
(
4piσ0
c
−
κ2 + κ1
k0
)
B = 0 (5)(
4piiσ0κ1
ck0ε1
+ 1 +
κ1ε2
κ2ε1
)
A−
4piσH
c
B = 0, (6)
which allow to obtain the dispersion relations for the sur-
face waves by setting the determinant of the system to zero,(
iσ0
c
−
κ1 + κ2
4pik0
)(
iσ0
c
+
k0ε1
4piκ1
+
k0ε2
4piκ2
)
=
4pi
c2
σ2H .
(7)
When σH=0, we have two solutions corresponding to the
dispersion of both TE and TM surface waves propagating
in a graphene layer. However, when σH 6= 0 two polariza-
tions are coupled and surface waves have hybrid TE-TM
structure. Hall conductivity σH plays a role of the coupling
parameter.
Expressions for the Hall and longitudinal conductivi-
ties can be obtained using the Kubo formula [14],
σ0(ω) =
e2v2F |eB|(~ω + 2iΓ )
pici
×
∞∑
n=0
(8)
[
[nF (Mn)− nF (Mn+1)]− [nF (−Mn)− nF (−Mn+1)]
(Mn+1 −Mn)3 − (~ω + 2iΓ )2(Mn+1 −Mn)
+
[nF (−Mn)− nF (Mn+1)]− [nF (Mn)− nF (−Mn+1)]
(Mn+1 +Mn)3 − (~ω + 2iΓ )2(Mn+1 +Mn)
]
,
σH(ω) = −
e2v2F eB
pic
×
∞∑
n=0
(9)
([nF (Mn)− nF (Mn+1)] + [nF (−Mn)− nF (−Mn+1)])×
2(M2n +M
2
n+1 − (~ω + 2iΓ )
2)
(M2n +M
2
n+1 − (~ω + 2iΓ )
2)2 − 4M2nM
2
n+1
,
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Figure 2 (a) First three low-energy transitions of the Lan-
dau levels in graphene. (b,c) Spectrum of the conductivi-
ties: red lines correspond to real part, blues lines - to imag-
inary part. (d) Dispersion of the real part of the waveguide
number of the surface states. (e) Dispersion of the imag-
inary part of the waveguide number. Solid red lines cor-
respond to TE-like modes, solid blue to TM-like modes;
dashed blue lines correspond to dispersion of TM-like
modes without accounting for the Hall conductivity.
whereMn is the energy of the corresponding Landau level,
Mn = vF (2~eB/c)
1/2
, nF is the Fermi-Dirac distribu-
tion function, vF is the Fermi velocity of the electrons in
graphene, and Γ is the electron scattering rate. For the
numerical studies of the surface wave dispersion, we use
the chemical potential µ equal to 44 meV and temperature
T = 10 K. Electron scattering rate Γ is chosen to be 1.3
meV which is in agreement with experimental results [16].
In this case Fermi energy lies between the zero and the
first Landau levels. We consider the frequency range from
2 meV to 300 meV. There exist three allowed transitions
between the Landau levels in this frequency range which
are depicted in Fig. 2(a).
Transition from zero to the first Landau level corre-
sponds to low-frequency resonance in longitudinal and Hall
conductivities [see Figs. 2(b,c)]. Transitions from the−2nd
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to the 1st and from the −1st to the 2nd Landau levels
have the same frequency and correspond to the high fre-
quency resonance in conductivity dispersions. Dispersion
of the longitudinal and Hall conductivities are shown in
Figs. 2(b,c). Resonances in the dispersion of conductivities
associated with the transitions between the corresponding
Landau levels can be controlled with the magnetic field.
To demonstrate the importance of the Hall conductiv-
ity in the presence of an external magnetic field, we com-
pare the obtained dispersion relations with the case where
we only account for the longitudinal part of the conduc-
tivity. Numerical calculations are performed for the values
of ε1 = 4 and ε2 = 1. Dispersion of the real and imag-
inary parts of the waveguide number β are presented in
Figs. 2(d,e).
When the magnetic field is absent, only one surface
wave can exist for each frequency: the TE-like polarized
mode, for the case when Im(σ0) < 0, and TM-like polar-
ized mode, for the case when Im(σ0) > 0. Hall conduc-
tivity significantly changes the real and imaginary parts of
waveguide numbers and corresponding properties of sur-
face waves, so that the surface waves become hybrid with
TE and TM polarizations mixed.
Dependence of the surface-wave dispersion on the ex-
ternal magnetic field suggests a new degree of freedom for
tuning the surface modes in graphene. To illustrate this
property, in Fig. 3 we plot the dependence of the waveg-
uide number on the value of the external magnetic field at
the fixed frequency ω = 0.19eV . As shown in Fig. 3(b),
changing the magnetic field from 0.5 to 1 Tesla we can
change the localization length of the surface waves, which
is inversely proportional to Re(κ1), and the propagation
distance, which is inversely proportional to Im(β), by at
least two orders of magnitude.
In conclusion, we have demonstrated that applying ex-
ternal magnetic field to a single layer of graphene place on
a dielectric substrate can significantly modify its optical
properties. We have shown that in the presence of mag-
netic field TE-TM hybrid surface plasmons can propagate
along the graphene-covered surface, and that the properties
of these surface waves can be controlled by changing the
external magnetic field.
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